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Abstract

In this work we extend to the Stokes problem the Discontinuous Galerkin Reduced Basis Element (DGRBE)
method introduced in [1]. By this method we aim at reducing the computational cost for the approximation
of a parametrized Stokes problem on a domain partitioned into subdomains. During an offline stage,
expensive but performed only once, a low-dimensional approximation space is built on each subdomain. For
any new value of the parameter, the rapid evaluation of the solution takes place during the online stage
and consists in a Galerkin projection onto the low-dimensional subspaces computed offline. The high-fidelity
discretization on each subdomain, used to build the local low-dimensional subspaces, is based on spectral
element methods. The continuity of both the velocity and the normal component of the Cauchy stress tensor
at subdomain interfaces is weakly enforced by a discontinuous Galerkin approach.

Keywords: Reduced Basis Element method; Discontinuous Galerkin; Domain decomposition; Spectral
element methods; Parametrized PDE; Stokes equations

1. Introduction

The numerical approximation of Parametrized Partial Differential Equations (PPDEs) is a challenging
task, especially when a rapid computation of the solution is required for a new given value of the parameter.
In many applications, for instance real-time simulations, resorting to approximation methods like the Finite
Element Method (FEM) or the Spectral Element Method (SEM) can be too computationally demanding. To
face this problem, a wide range of model order reduction techniques have been proposed. The Reduced Basis
(RB) method have been successfully developed for problems defined on a single parametrized domain, see [2]
for a comprehensive presentation. The RB method provides an approximate solution of the PPDE using
a small number of basis functions, computed by a high-fidelity discretization of the given PPDE consisting
of a Galerkin method like FEM or SEM, typically featuring a very large number of degrees of freedom. In
case of partitioned domains, a suitable variant of the RB method is the so-called Reduced Basis Element
(RBE) method. This approach has been introduced in [3, 4] for elliptic problems and then extended to
the Stokes problem in [5, 6]. Its main feature is that local bases are built on every subdomain with the
aim that the space spanned by such local bases is able to represent the global reduced solution computed
through a Galerkin projection. Thus, in the RBE context, a major issue is to enforce the continuity of the
global reduced solution as well as the continuity of its flux (or of the normal component of the Cauchy stress
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tensor), by preserving the locality of the method and preventing it to become computationally unbearable.
Several approaches have been adopted to address this purpose until now, the most used are those based on
the introduction of Lagrange multipliers [7] and the discontinuous Galerkin (DG) method [8].

In the last years several improvements of the original idea of RBE have been proposed. We recall for
instance the static condensation Reduced Basis Element Method [9, 10, 11], based on the approximation
of the Schur complement that depends solely on the interface variables, and the Reduced Basis Hybrid
Method [12], developed in particular for the Stokes problem. In the latter, the continuity of the velocity is
enforced by using Lagrange multiplier at the interfaces while in order to recover the continuity of the normal
component of the Cauchy stress tensor a global coarse mesh is overlaid to the local bases. The issue of the
continuity can also be faced by introducing additional degrees of freedom corresponding to the high-fidelity
FEM basis functions on the interface, as it is done in the Reduced basis – Domain decomposition – Finite
elements (RDF) method [13]. Other approaches, similar to the RBE method, are also used for coupled
problems [14] as well as in the RB–multiscale research branch [15, 16].

In the present work we focus on the Discontinuous Galerkin Reduced Basis Element method (DGRBE).
This method, originally proposed in [1] for elliptic problems, relies on a discontinuous global reduced space
that is spanned by local bases built independently on each subdomain, that satisfy non-homogeneous Neu-
mann conditions on the interface in order to enhance the accuracy of the method. The (weak) continuity of
the solution and of the fluxes across the interfaces is recovered through a DG approach.

In this paper, we extend the DGRBE method to the Stokes problem. In such a case, the DG approach
aims to recover the (weak) continuity of the velocity and that of the normal component of the Cauchy stress
tensor at the interfaces. The main issue to address here is the stability of the reduced problem. Indeed,
differently from the elliptic case, the well-posedness of the global Stokes reduced problem is not necessarily
inherited from that of the global high-fidelity problem. More specifically, the condition that can get lost
at the reduced level is the inf-sup compatibility between the velocity and the pressure spaces. In order
to overcome such a drawback we adopt a technique proposed in [17] in the single domain case to enrich
the velocities of the snapshot system built during the Greedy step. Another novelty with respect to [1] is
that here a SEM (rather than a FEM) high-fidelity discretization is used. The reason is that SEM is more
coherent with the interface enrichment that is made of high order Legendre polynomials. In our numerical
tests we investigate the relation between the accuracy of the reduced model and the order of the Legendre
polynomials considered for the interface enrichment and we show that the DGRBE method can be convenient
in terms of computational savings.

This work is structured as follows: in Section 2 we introduce the model problem and give the main
definitions, in Section 3 we introduce the high-fidelity model and discuss its well posedness, in Section 4
we present and analyse the DGRBE method for Stokes problem and, finally, in Section 5 we show some
numerical results in order to assess the performance of the method.

2. Model problem

Let Ω be a bounded open subset of R2 such that Ω =
⋃NS

i=1 Ωi, where Ωi ⊂ R2, i = 1, . . . , NS . We also
assume that the partition is non-overlapping, i.e., Ωi∩Ωj = ∅ when i 6= j. Let then D ⊂ RP be the parameter
space. We consider the following Stokes equation: given µ ∈ D, find (u(µ), p(µ)) ∈ [H1(Ω)]2 × L2(Ω) such
that

−div(ν(µ)∇u(µ)) +∇p(µ) = f(µ) in Ω

divu(µ) = 0 in Ω

u = g(µ) on ΣD ⊆ ∂Ω

ν(µ)
∂u(µ)

∂n
− p(µ)n = h(µ) on ΣN = ∂Ω\ΣD

(1)

where n is the outward pointing normal unit vector to ∂Ω, ν(µ) is the viscosity, f(µ) ∈ [L2(Ω)]2 is a
forcing term, while g(µ) ∈ H1/2(ΣD) and h(µ) ∈ H−1/2(ΣN ) are given data on the boundaries ΣD and ΣN
respectively, where ΣD ∪ ΣN = ∂Ω and ΣD ∩ ΣN = ∅. We require that ∂Ωi ∩ ΣD 6= ∅ for i = 1, . . . , NS .
We denote with Γij the interface between the subdomains Ωi and Ωj and we define Γ =

⋃NS

i,j=1 Γij . We
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assume that ν(µ) is constant over the global domain Ω, in particular we set ν(µ) = µ0 with µ0 ∈ D0 ⊂
R+. We assume that D ⊂

∏NS

i=0Di, where Di, for i = 1, . . . , NS , is a subset of RPi . We denote with
µ = (µ0,µ1, . . . ,µNS

) a generic element of D, where µi ∈ Di, for i = 1, . . . , NS . Of course we require that
P = 1 +

∑NS

i=1 Pi. We finally assume that the forcing term and the boundary data, restricted to Ωi depend
only on µi, that is

f(µ)|Ωi = fi(µi), g(µ)|Ωi = gi(µi), h(µ)|Ωi = hi(µi).

The viscosity ν is taken independent of the parameters µ1, . . . ,µNs
since we are assuming that the fluid

is the same in the whole domain Ω. Nevertheless, our method can be extended to equations of different
nature like, e.g., the bi-harmonic one, in which the coefficient of the second order derivatives (the analogous
of ν) is related to Young’s modulus of the elastic material. The method is still well-posed even if such
coefficient is piece-wise constant (subdomain by subdomain) and it depends on the parameters µ1, . . . ,µNs .

Remark 1. To ease the presentation of our method we considered only “physical” parameters, i.e., parame-
ters affecting only the coefficients and the right-hand side of the equation (for instance the viscosity, the inlet
velocity), and not “geometrical” parameters that characterize the domain itself, cf. [18, 2]. When the domain
is parameter-dependent, it is customary to trace the problem back onto a parameter-independent domain. In
that case, on the reference domain, the geometrical parameters affect (through the transformation mapping)
the problem coefficients, and behave as if they were physical ones. In this context, in particular we deal
with anisotropic viscosity tensors ν(µ) that are discontinuous along the interfaces of the reference domain
and depend on the local geometrical parameters. However, our approach allows to effectively handle these
situations.

3. High-fidelity approximation

We introduce now the high-fidelity model, which we aim to reproduce using our reduced order approx-
imation that will be presented in Section 4. First of all, on each subdomain Ωi we define a conforming
quadrilateral mesh Th,i. Here h denotes the maximum element edge length. More precisely, we assume
that each element K of Th,i is the image through an invertible and differentiable map TK , with differen-
tiable inverse, of the reference square K̂ = [−1, 1]2. We also assume that ‖v‖H1(K) ∼ ch−1

K ‖v̂‖H1(K̂) if

v ∈ H1(K) and v̂ ∈ H1(K̂) are related by the Piola transform (this is true, e.g., if TK is either affine or
quadratic), see [19]. We finally require that each Th,i satisfies the usual hypotheses of shape regularity and
quasi-uniformity. We denote with Qp(K̂) the space of the polynomials defined on K̂, of degree at most p in
each variable. We then introduce the space

Qp(Th,i) = {z ∈ L2(Ωi) | z|K ◦ TK ∈ Qp(K̂) ∀K ∈ Th,i}.

We then define the local approximation spaces, for i = 1, . . . , NS ,

V Ni = {v ∈ [L2(Ω)]2 | v|Ωi
∈ [Qp(Th,i) ∩ C0(Ωi)]

2,v = 0 in Ω\Ωi},
QNi = {q ∈ L2(Ω) | q|Ωi ∈ Qp−2(Th,i), q = 0 in Ω\Ωi}

with p ≥ 2, and the global ones (the symbol
⊕

means direct sum):

V N =

NS⊕
i=1

V Ni , QN =

NS⊕
i=1

QNi .

Here N generically refers to the dimension of the high-fidelity space. More precisely we denote with N V
i ,

N V , NQ
i , NQ the dimensions of V Ni , V N , QNi , QN respectively. In this setting, we can express each element

vN ∈ V N and qN ∈ QN as

vN =

NS∑
i=1

vNi , qN =

NS∑
i=1

qNi , with vNi ∈ V Ni , qNi ∈ QNi for i = 1, . . . , NS .
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and these representations are unique. We look for two Lagrangian interpolation bases: that of V Ni is
associated with the Gauss-Legendre-Lobatto (GLL) nodes ((p + 1)2 in K), while the one of QNi with the
Gauss-Legendre (GL) nodes ((p− 1)2 in K), cf. [20, 19] for the definition and further details. The elements
of the global spaces V N are continuous inside each subdomain Ωi but discontinuous along the interfaces
Γij . The idea underlying our method is to use a spectral element method with numerical integration based
on Gauss-Lobatto formulae inside each subdomain, i.e., a SEM-NI approach [19], while exploiting DG
techniques in order to recover the (weak) continuity of the velocities and that of the Cauchy normal stresses
along the interfaces [21, 22, 23, 24].

Having that in mind, for i = 1, . . . , NS , for each K ∈ Th,i we introduce the following inner product

(wK , vK)K =

p+1∑
k,l=1

[wK ◦ TK(ξk, ξl)] [vK ◦ TK(ξk, ξl)] ωkωl |det JTK | ∀wK , vK ∈ C0(K),

where ξq, q = 1, . . . , p+1 are the GLL quadrature nodes on [−1, 1] and ωq the associated integration weights.
We have denoted with JTK the Jacobian matrix of the transformation TK . We can now define the discrete
subdomain-level products

(w, v)Ωi
=

∑
K∈Th,i

(w|K , v|K)K ∀w, v ∈ C0(Th,i).

where
C0(Th,i) = {z ∈ L2(Ωi) | z|K ∈ C0(K) ∀K ∈ Th,i}.

To keep the presentation simple, in this work we assume that the local meshes Th,i are conforming at the
interfaces, i.e., Th =

⋃NS

i=1 Th,i is a global conforming quadrilateral mesh. However, the DG approach can
be effectively combined with the SEM even in case of non-conforming grids, as shown in [25]. Then each
interface Γij is the union of straight segments e that are edges of elements of Th,i (or, equivalently, Th,j).
Clearly, also the boundary regions ∂Ωi ∩ ∂Ω can be seen as union of segments e such that both ∂Ω ∩ ΣD
and ∂Ω ∩ ΣN do not cut any e. Denoting with Te the affine transformation that maps ê = [−1, 1] onto e,
we define

(we, ve)e =

p+1∑
k=1

[we ◦ Te(ξk)][ve ◦ Te(ξk)]ωk |T ′e| ∀we, ve ∈ C0(e).

We define the following sets

Eij = {e | e ⊂ Γij}, Ei,D = {e | e ⊂ ∂Ωi ∩ ΣD}, Ei,N = {e | e ⊂ ∂Ωi ∩ ΣN}

and introduce the scalar products

(w, v)Γij
=
∑
e∈Eij

(w|e, v|e)e , ∀w, v ∈ C0(Γij)

(w, v)∂Ωi∩ΣD
=
∑
e∈Ei,D

(w|e, v|e)e , ∀w, v ∈ C
0(ΣD,i)

(w, v)∂Ωi∩ΣN
=
∑
e∈Ei,N

(w|e, v|e)e ∀w, v ∈ C0(ΣN,i).
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We introduce the local forms

Ai(w
N
i ,v

N
i ;µ0) = µ0

(
∇wNi ,∇vNi

)
Ωi
− µ0

(
∇wNi ni,vNi

)
∂Ωi∩ΣD

− µ0

(
∇vNi ni,wNi

)
∂Ωi∩ΣD

+ γ µ0
p2

h

(
wNi ,v

N
i

)
∂Ωi∩ΣD

,

Bi(v
N
i , q

N
i ) = −

(
qNi ,div vNi

)
Ωi

+
(
qNi ,v

N
i · ni

)
∂Ωi∩ΣD

,

Fi(v
N
i ;µ0,µi) =

(
fi(µi),v

N
i

)
Ωi
− µ0

(
gi(µi),∇vNi ni

)
∂Ωi∩ΣD

+ γ µ0
p2

h

(
gi(µi),v

N
i

)
∂Ωi∩ΣD

+
(
hi(µi),v

N
i

)
∂Ωi∩ΣN

,

Gi(q
N
i ;µi) =

(
qNi , gi(µi) · ni

)
∂Ωi∩ΣD

for each wNi , vNi ∈ V Ni and for each qNi ∈ QNi , where ni is the outward pointing unit vector normal to ∂Ωi.
The coefficient γ > 0 has a stabilization role that will be discussed in the following. The products between
non-scalar quantities have to be intended component-wise. We then define the global bilinear forms

ADG(wN ,vN ;µ0) =

NS∑
i=1

Ai(w
N
i ,v

N
i ;µ0) +

∑
{i,j |Γij 6=∅}

[
−µ0

(
{∇wN }, [[[vN ]]]

)
Γij
− µ0

(
{∇vN }, [[[wN ]]]

)
Γij

+ γ µ0
p2

h

(
[[[wN ]]], [[[vN ]]]

)
Γij

]
,

BDG(vN , qN ) =

NS∑
i=1

Bi(v
N
i , q

N
i ) +

∑
{i,j |Γij 6=∅}

(
{qN }, JvN K

)
Γij

,

for each wN , vN ∈ V N and for each qN ∈ QN . Standard DG-notation is used for the interface terms,
namely on Γij average and jump terms have the following meaning3:

{ψ} =
ψi + ψj

2
, if ψ is a scalar or tensor-valued function,

[[[τ ]]] = τi ⊗ ni + τj ⊗ nj , Jτ K = τi · ni + τj · nj if τ is a vector-valued function,

Finally, we introduce the global right-hand side functionals

FDG(vN ;µ) =

NS∑
i=1

Fi(v
N
i ;µ0,µi), GDG(qN ;µ) =

NS∑
i=1

Gi(q
N
i ;µi).

Given µ ∈ D, the high-fidelity approximation of the solution (u(µ), p(µ)) of (1) is (uN (µ), pN (µ)) ∈
V N ×QN such that

ADG(uN (µ),vN ;µ0) +BDG(vN , pN (µ)) = FDG(vN ;µ) ∀vN ∈ V N ,
BDG(uN (µ), qN ) = GDG(qN ;µ) ∀ qN ∈ QN

(2)

Remark 2. We point out that we impose weakly the Dirichlet boundary datum, as customary in the DG
context and sometimes also for conforming methods, see [26].

3Here the operator ⊗ is such that, given a = (a1, a2)T, b = (b1, b2)T ∈ R2, it holds a⊗ b = abT =

(
a1b1 a1b2
a2b1 a2b2

)
.
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3.1. Well posedness of the high-fidelity approximation
In this section we investigate the well-posedness of problem (2), in particular we show that it admits a

unique solution. The key ingredient is to prove an inf-sup condition for the bilinear form BDG. We introduce
the following local norms

‖vNi ‖2V N
i

= ‖vNi ‖2H1(Ωi)
+ γ

p2

h

(
vNi ,v

N
i

)
∂Ωi∩ΣD

∀vNi ∈ V Ni ,

‖qNi ‖2QN
i

= ‖qNi ‖2L2(Ωi)
∀ qNi ∈ QNi ,

(3)

and the corresponding global ones

‖vN ‖2V N =

NS∑
i=1

‖vNi ‖2V N
i

+ γ
p2

h

∑
{i,j |Γij 6=∅}

(
[[[vN ]]], [[[vN ]]]

)
Γij

∀vN ∈ V N ,

‖qN ‖2QN =

NS∑
i=1

‖qNi ‖2QN
i

∀ qN ∈ QN .

(4)

By invoking [27, Th. 16.5], the well-posedness of the high-fidelity problem (2) is guaranteed by the following
lemma.

Lemma 1. Provided that the coefficient γ is large enough, there exists KNB > 0 and for each µ ∈ D there
exist KNA (µ0) > 0, KNF (µ) > 0 and KNG (µ) > 0 such that

|ADG(wN ,vN ;µ0)| ≤ KNA (µ0)‖wN ‖V N ‖vN ‖V N ∀vN ,wN ∈ V N , (5)

|BDG(vN , qN )| ≤ KNB ‖vN ‖V N ‖qN ‖QN ∀ qN ∈ QN , ∀vN ∈ V N , (6)

|FDG(vN ;µ)| ≤ KNF (µ)‖vN ‖V N ∀vN ∈ V N , (7)

|GDG(qN ;µ)| ≤ KNG (µ)‖qN ‖QN ∀ qN ∈ QN . (8)

Moreover, there exist αN (µ0) > 0 and βN > 0 such that

inf
vN∈V N

ADG(vN ,vN ;µ0)

‖vN ‖2
V N

≥ αN (µ0), (9)

inf
qN∈QN

sup
vN∈V N

BDG(vN , qN )

‖vN ‖V N ‖qN ‖QN
≥ βN . (10)

Proof. Conditions (5), (6), (7) and (8) can be obtained using standard Cauchy-Schwarz inequalities, cf. [27],
considering the following norms

|||vN |||2V N = ‖vN ‖2V N +
h

p2

NS∑
i=1

‖∇vNi ‖2L2(∂Ωi)
, |||qN |||2QN = ‖qN ‖2QN +

h

p2

NS∑
i=1

‖qN ‖2L2(∂Ωi)
, (11)

cf. [21], which allow to control the interface terms. However, the norms (11) are equivalent to those in (4) for
vN ∈ V N , qN ∈ QN , thanks to standard inverse inequalities, cf. [21]. The coercivity condition (9) can be
obtained as in the case of DG elliptic operators, cf. [28, 29, 30]. Let us focus on the inf-sup condition (10).
First of all, we observe that we can rewrite it as: there exists βN > 0 such that

∀ qN ∈ QN ∃vN ∈ V N , vN 6= 0, s. t. BDG(vN , qN ) ≥ βN ‖vN ‖V N ‖qN ‖QN . (12)

Let K̂ = [−1, 1]2. It is known (see [31, Chap. IV, Prop. 7.2]) that BK̂(v, q) = −(q,div v)L2(K̂) satisfies the

inf-sup condition on the spaces V K̂p = Qp(K̂)∩ [H1
0 (K̂)]2, QK̂p = Qp−2(K̂)∩L2

0(K̂) and the inf-sup constant

6



is βK̂p ∼ cp−
1/2, with c independent of p. Thanks to our assumptions on the mesh (shape regularity in each

Ωi, global conformity and p ≥ 2), by using Boland-Nicolaides arguments (cf. [32]) the form BΩ(v, q) =
−(q,div v)L2(Ω) satisfies the inf-sup condition on the spaces V Ω,0 = Qp(Th) ∩ [H1

0 (Ω)]2, QΩ,0 = Qp−2(Th) ∩
L2

0(Ω), and the inf-sup constant is βΩ,0 = β0
2 (minK∈Th β

K
p + 1) (where β0

2 is the inf-sup constant of the
couple Q2 −Q0 in Ω, while βKp = cβK̂p for each K ∈ Th, with c independent of both p and meas(K), cf. [19,
pag. 285]). By applying the arguments of [33, Prop 5.3.2], BΩ satisfies the inf-sup condition on the spaces
V Ω = Qp(Th) ∩ [H1

0,ΣD
(Ω)]2, QΩ = Qp−2(Th) and the inf-sup constant is 0 < βΩ < βΩ,0, that is

∀ qN ∈ QΩ ∃wN ∈ V Ω, wN 6= 0 such that BΩ(wN , qN ) ≥ βΩ ‖wN ‖H1(Ω) ‖qN ‖QN .

As wN ∈ V Ω, it is continuous on Ω and null on ΣD and it holds that

‖wN ‖V N = ‖wN ‖H1(Ω) and BDG(wN , qN ) = BΩ(wN , qN ) ∀ qN ∈ QN ,

because the interface and boundary terms vanish. Recalling that QN = QΩ, we can now obtain (12) with
βN = βΩ by taking vN = wN .

Remark 3. In case of geometrical parameters, Ω = Ω(µ) and the bilinear form BDG become parameter
dependent [34]. The inf-sup condition (10) still holds true, however with a µ-dependent constant βN (µ).
The proof follows by using the same arguments of Lemma 1. The main difference is that the global mesh
to be considered is Tµ(Th), the image through the geometrical transformation Tµ : Ω → Ω(µ) of a regular
mesh Th defined on a reference domain Ω. The map Tµ is assumed to be sufficiently regular in order to
ensure the needed regularity properties of Tµ(Th).

4. DGRBE approximation

In this section we present our Discontinuous Galerkin Reduced Basis Element (DGRBE) method that
extends the method proposed in [1] for elliptic equations. The main novelty of the present work consists in
introducing basis enrichment techniques in order to guarantee the inf-sup stability for the reduced problem.

Like most of the reduced basis methods, cf. [2], our DGRBE method is built on two computational stages,
one offline, the other online. During the offline stage (typically expensive) we build low-dimensional local
approximation spaces V RBi and QRBi spanned by a small number of high-fidelity solutions of local Stokes
problems computed in correspondence of Ni parameters selected by the Greedy algorithm [2]. Then, for any
given new value of the parameter µ ∈ D, the global reduced approximate solution of (1) is computed in the
(inexpensive) online stage.

Remark 4. We assume that our bilinear and linear forms depend “affinely” on the parameter µ, cf. [2].
In the particular case of the DGRBE, this requirement is discussed in [1, Appendix A] together with the
implementation details.

4.1. Local reduced spaces construction
The construction of the reduced spaces is made independently on each subdomain using a standard

RB Greedy algorithm [34]. In our case the computational cost of this operation does not depend on the
dimensions N V , NQ of the global high-fidelity spaces , but only on that of the local ones, i.e. N V

i , NQ
i .

Let us focus on the generic subdomain Ωi. The method used to build V Ni and QNi is similar to the one
presented in [1], which is based on the introduction of an additional discrete parameter η whose role is to
select different functions to be used as Neumann data on the boundary regions Γi = ∂Ωi\∂Ω. Under the
assumption that Γi is the union of straight segments Γij , these functions are set null on Γi except on one
segment Γij where they are Legendre polynomials of degree s ≤ Mi, as in the so-called “Method B” of [1].
Since the Legendre polynomials form a complete basis of L2(−1, 1), we expect that using these polynomials
up to degree Mi to reproduce the unknown normal component of the Cauchy stress tensor of the exact
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Figure 1: Definition of the parameters η following the formulas (14). In the example we takeMi = 4 (the maximum polynomial
degree), Γi is formed by NJi

= 3 segments, we take j = 2 and s = 3. Starting from the Legendre polynomial φ2,3i (red line) we
have η = 17 (for k = 1) and η = 18 (for k = 2)

global solution across the interface Γi will provide an accurate system of snapshots in the reduced basis,
either of local (in Ωi) or global (in Ω) type.

We denote with DBCi ⊂ N the set in which η takes values. We then define the extended parameter space
Dexti = D0 ×Di ×DBCi and denote with µ̃i = (µ0,µi, η) its generic element. Then, let (ũNi (µ̃i), p̃

N
i (µ̃i)) ∈

V Ni ×QNi be the solution of

Ai(ũ
N
i (µ̃i),v

N
i ;µ0) +Bi(v

N
i , p̃

N
i (µ̃i)) = δ0,η Fi(v

N
i ;µ0,µi) + 〈Iηi ,v

N
i 〉 ∀vNi ∈ V Ni ,

Bi(ũ
N
i (µ̃i), q

N
i ) = δ0,η Gi(q

N
i ;µi) ∀ qNi ∈ QNi ,

(13)

where δa,b denotes the Kronecker delta and the functional Iηi has the role to impose a Neumann boundary
condition on Γi . When η = 0, we set Iηi = 0, thus problem (13) has homogeneous Neumann conditions on the
Γi. To precisely define the functional Iηi when η 6= 0, let us introduce the set Ji = {j |Ωi∩Ωj 6= ∅} and assume
that each interface Γij , j ∈ Ji, is a straight segment so that there exists an affine map TΓij

: [−1, 1]→ Γij . We
denote withNJi the number of elements of Ji and for the sake of exposition we assume that Ji = {1, . . . , NJi}.
We then denote with φ̂s the Legendre polynomial of degree s defined on [−1, 1] and φj,si = φ̂s ◦T−1

Γij
. We set

Mi as the maximum admissible degree for the Legendre polynomials and define the additional parameter
space DBCi = {0, . . . , 2NJi(Mi + 1)}. We point out that the value Mi is set a priori during the offline
stage. At the moment the convergence analysis of DGRBE for the Stokes problem is in progress, thus a
rule to choose Mi is not available yet. Nevertheless, we propose a possible strategy to set Mi that consists
in selecting the minimum polynomial degree such that the ratio between the RB error and the high-fidelity
one, tested on a set of random parameters, is less than 10 (see Sect. 5). Let us denote with (·, ·)Γij

the L2

inner product on Γij , then (when η 6= 0) we define the functionals Iηi as follows:

for j = 1, . . . , NJi (j identifies the segment Γij)
for s = 0, . . . ,Mi (s is the degree of the Legendre polynomial on Γij)

for k = 1, 2 (k identifies the vector component)

set η = 2(Mi + 1)(j − 1) + 2s+ k

set 〈Iηi ,vN 〉 =


((

φj,si
0

)
,vN

)
Γij

if k = 1((
0

φj,si

)
,vN

)
Γij

if k = 2

(14)

In this way, the parameters η are defined univocally in each subdomain (see Fig. 1). All these combinations
allow us to approximate in a very effective way the normal component of the Cauchy stress tensor of the
global solution (uN (µ), pN (µ)), that is not known during the local offline computation.

During the Greedy procedure a set of values of parameters Si = {µ̃1
i , . . . , µ̃

Ni
i } ⊂ Dexti is selected and
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the following spaces are built (for details on the algorithm see [35])

V RBi = span({ũNi (µ̃1
i ), . . . , ũ

N
i (µ̃Ni

i )} ∪ {σ̃Ni (µ̃1
i ), . . . , σ̃

N
i (µ̃Ni

i )}),
QRBi = span{p̃Ni (µ̃1

i ), . . . , p̃
N
i (µ̃Ni

i )}.

Here σ̃Ni (µ̃ki ), k = 1, . . . , Ni, are the supremizers, see e.g. [17]. They are defined as

σ̃Ni (µ̃ki ) ∈ V Ni : (σ̃Ni (µ̃ki ),vNi )V N
i

= Bi(p
N
i (µ̃ki ),vNi ) ∀vNi ∈ V Ni , (15)

where (·, ·)V N
i

is the inner product associated with the norm ‖ · ‖V N
i

defined in (3). The supremizers are
added in order to ensure the inf-sup stability of the reduced problem

Ai(ũ
RB
i (µ̃i),v

RB
i ;µ0) +Bi(v

RB
i , p̃RBi (µ̃i)) = δ0,η Fi(v

RB
i ;µ0,µi) + 〈Iηi ,v

RB
i 〉 ∀vRBi ∈ V RBi ,

Bi(ũ
RB
i (µ̃i), q

RB
i ) = δ0,η Gi(q

RB
i ;µi) ∀ qRBi ∈ QRBi .

(16)

Finally, we would like to point out that the Greedy algorithm terminates when

‖ri
(
·; (ũRBi (µ̃i), p̃

RB
i (µ̃i)

)
, µ̃i)‖(V N

i ×QN
i )′/‖F(·)‖(V N

i ×QN
i )′ ≤ ε∗ ∀µ̃i ∈ Ξi ⊂ Dexti , (17)

where ε∗ is a given tolerance, F(·) is the right hand side of system (16), and ri
(
·; (ũRBi (µ̃i), p̃

RB
i (µ̃i)), µ̃i

)
:

V N ×QN → R is the residual of (13), i.e.

ri
(
(vNi , q

N
i ); (ũRBi (µ̃i), p̃

RB
i (µi)), µ̃i

)
= δ0,η Fi(v

N
i ;µ0,µi) + 〈Iηi ,v

N
i 〉 −Ai(ũRBi (µ̃i),v

N
i ;µ0)

+Bi(v
N
i , p̃

RB
i (µ̃i)) + δ0,η Gi(q

N
i ;µi)−Bi(ũRBi (µ̃i), q

N
i ).

The discrete set Ξi in (17) is the so-called training set used to perform the Greedy procedure. As a
result of the Greedy algorithm, some η ∈ {0, . . . , 2NJi(Mi + 1)} can be missing in the µ̃ki when h is large, p
is small andMi � p (as a consequence of the fact that the high-fidelity space is very small and the RB space
rapidly tends to it during the Greedy algorithm), otherwise in general all the η are present as components
of the µ̃ki , for k = 1, . . . , Ni.

4.2. Global reduced solution
We define the global reduced spaces as

V RB =

NS⊕
i=1

V RBi , QRB =

NS⊕
i=1

QRBi .

We denote with NV
i , NV , NQ

i , NQ the dimensions of V RBi , V RB , QRBi , QRB , respectively. We require,
for i = 1, . . . , NS , that NV

i � N V
i and NQ

i � N
Q
i , where N V

i and NQ
i are the dimensions of V Ni and

QNi . Once we have the global reduced spaces, we can project our problem in order to rapidly compute the
reduced solution. The DGRBE approximation (uRB(µ), pRB(µ)) ∈ V RB ×QRB then satisfies the Galerkin
problem:

ADG(uRB(µ),vRB ;µ0) +BDG(vRB , pRB(µ)) = FDG(vRB ;µ) ∀vRB ∈ V RB ,
BDG(uRB(µ), qRB) = GDG(qRB ;µ) ∀ qRB ∈ QRB .

(18)

We observe that the algebraic problem associated with (18) has dimensions (NV + NQ), hence it is much
smaller than the dimension of the high-fidelity problem, that is (N V + NQ). Note that the DGRBE
approximation (18) is the projection of (2) onto the reduced space V RB ×QRB .

Remark 5. Differently from the elliptic case studied in [1], here the well-posedness of the reduced problem
is not inherited from the high-fidelity one. Nevertheless, the use of supremizers introduced in (15) ensures
that the bilinear form BDG satisfies the inf-sup condition

inf
qRB∈QRB

sup
vRB∈V RB

BDG(vRB , qRB)

‖qRB‖QN ‖vRB‖V N
= βRB > 0. (19)

Although not rigorously proved, experiments show that, with our approach, condition (19) is numerically
satisfied, as we will see in Section 5.
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Figure 3: DGRBE error ‖u(µ) − uRB(µ)‖V N (RBE)
and hi-fi error ‖u(µ)−uN (µ)‖V N (hf) versus Mi. Here
h = 1/32 and N = 6. The errors are an average over a
sample of 20 random parameter values.

5. Numerical results

In this section we provide numerical verification of the method presented in the previous sections. We
consider the domain Ω = (0, 4) × (0, 2), partitioned into Ω1 = (0, 2) × (0, 2) and Ω2 = (2, 4) × (0, 2). The
domain is sketched in Figure 2. The right-hand side functional of (1) and the boundary conditions are
chosen in order to obtain that the exact solution is

u(µ)(x, y) =

(
µ1(−ex(y cos y + sin y)) + µ2ex+y,

µ1(exy sin y) + µ2(−ex+y)

)
, p(µ)(x, y) = µ1(2 ex sin y)− µ2π cos(π x) cos(π y).

Here we do not have local parameters, but only global ones. Thus, we set D1 = D2 = [0, 1]2 and in the
setting defined in Section 2, the parameter space D can be expressed as D = {(µ1,µ2) ∈ D1 × D2 |µ1

1 =
µ1

2, µ2
1 = µ2

2} where µi = (µ1
i , µ

2
i ) i = 1, 2.We set µ0 = 1, actually we are not considering the viscosity

as a parameter. The aim of this experiment is to investigate the conditions in which our reduced strategy
yields significant computational savings without losing accuracy. We applied the DGRBE method to the
SEM high-fidelity (hi-fi) discretization with mesh size h and polynomials degree p. We performed the Greedy
algorithm using a tolerance ε∗ = 10−5 and the value of Mi shown in Table 1 (which is set a priori in the
offline stage). More precisely, for each couple (h, p), we choose (a priori) the minimum value of Mi, i = 1, 2,
s.t. max{EVr , E

Q

r } ≤ 10, being E
V

r and E
Q

r the average over a sample of 20 random parameter values of

EVr (µ) =
‖u(µ)− uRB(µ)‖V N

‖u(µ)− uN (µ)‖V N
and EQr (µ) =

‖p(µ)− pRB(µ)‖QN

‖p(µ)− pN (µ)‖QN
,

respectively. This means that the average error of the DGRBE approximation can be at most one order of
magnitude higher than the average hi-fi error. The optimal value of Mi has been determined by multiple
experiments. In some cases (those corresponding to the starred values in Table 1) the desired accuracy
cannot be reached by increasing Mi. In Figure 3 we show the behaviour of ‖u(µ) − uRB(µ)‖V N versus
Mi and we compare it with ‖u(µ) − uN (µ)‖V N , in the case h = 1/32 and N = 6. We observe that there
is a plateau. The plateau is a consequence of the fact that the local spaces built by the Greedy procedure
are able to reproduce the hi-fi approximation only up to a value related to the tolerance ε∗. In Table 2 we
compare the dimension of both the SEM hi-fi discretization and that of the DGRBE one.

In Table 3 we show the computational speed-up, i.e., the ratio between the computational time Thf of
the hi-fi model and the one Ton of the online stage of the DGRBE. Moreover, we analyse the trade-off, that
is the number Nto of online simulations to be performed in order to have an effective advantage w.r.t. solve
Nto hi-fi problems. It is computed as Nto = Toff

Thf−Ton
, where Toff is the computational time of the offline

stage. A significant computational speed-up is obtained even guaranteeing that the accuracy of the DGRBE
approximation and the hi-fi one are comparable, provided that we are able to choose a suitable maximum
degree Mi of the Legendre interface conditions that grows w.r.t. both p and 1/h. From this simple test case

10



p = 2 p = 3 p = 4 p = 5 p = 6 p = 7 p = 8

h = 1 −1 0 1 2 3 4 5
h = 1/2 −1 1 2 3 4 6 8
h = 1/4 0 2 3 5 6 8 10
h = 1/8 0 2 4 6 8 10 12
h = 1/16 1 3 6 8 10 12 20∗

h = 1/32 2 5 8 20∗ 20∗ 20∗ 20∗

Table 1: Minimum value of Mi for which it holds max{EV
r (µ), EQ

r (µ)} ≤ 10. The value −1 means that no Legendre interface
conditions are used. The superscript ∗ means that the tolerance on the ratio has not been reached.

p = 2 p = 3 p = 4 p = 5 p = 6 p = 7 p = 8

h = 1 38/8 72/24 118/36 176/48 246/60 328/72 422/84
h = 1/2 108/12 228/36 396/48 612/60 876/72 1188/96 1548/120
h = 1/4 356/24 804/48 1444/60 2276/84 3300/96 4516/120 5924/144
h = 1/8 1284/24 3012/48 5508/72 8772/96 12804/120 17604/144 23172/168
h = 1/16 4868/36 11652/60 21508/96 34436/120 50436/144 69508/168 91652/264
h = 1/32 18948/48 45828/84 84996/120 136452/264 200196/264 276228/264 364548/264

Table 2: Spaces dimensions. We compare here the dimension of the hi-fi space V Ni ×QNi (on the left) with the dimension of
the DGRBE space V RB ×QRB (on the right), built by using the Mi shown in Table 1.

it turns out that both the speed-up and the trade-off are better for those values of p and h corresponding
to the lower triangle of the blocks in Table 3, i.e., the larger p, the larger h.

Finally in Table 4 we show the discrete inf-sup constant for both the hi-fi and the DGRBE model. These
values have been computed by solving the generalized eigenproblem shown in, e.g., [36]. We observe that
the supremizer enrichment allows to recover good stability properties for the reduced problem. The data
shown in Tables 3 and 4 are averaged over a sample of 20 parameter values.

6. Conclusions

We proposed an extension of the DGRBE method [1] for Stokes problem. The high-fidelity model is based
on spectral elements approximation. The basis functions are discontinuous along the subdomain interfaces
and the DG approach has been followed in order to recover the continuity of the velocities and of the normal
component of the Cauchy stress tensor. We proved the well-posedness of the high-fidelity approximation.
We then introduced the reduced model and proposed a space enrichment technique in order to recover the
inf-sup stability of the reduced model, which is not rigorously proven but it is numerically evident. In the
numerical tests we have analysed how the accuracy of the DGRBE approximation depends on the maximum
degreeMi of the Legendre polynomials used as interface conditions during the offline stage. We also assessed
that the DGRBE approach provides significant computational savings in a certain range of the discretization
parameters (h, p), and the larger p, the larger h.

Further work should be devoted to improve the space enrichment technique as well as to develop an
effective a posteriori error estimator for the certification of the global reduced solution.
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